WAIST OF THE SPHERE FOR MAPS TO MANIFOLDS 



R.N. KARASEV AND A.YU. VOLOVIKOV 



Abstract. We generalize the sphere waist theorem of Gromov and the Borsuk-Ulam 
type measure partition lemma of Gromov-Memarian for maps to manifolds. 



1. Introduction 

In [U [12] the sphere waist theorem was proved for a continuous map from a sphere 
to the Euchdean space W^, showing that the preimage of some point is "large enough". 
Here we generalize it for maps from the sphere to any m-dimensional manifold. 

Let the sphere S"^ be the standard unit sphere in M""^^. Denote the standard proba- 
bilistic measure on S"" by fi, denote by Us{X) the e-neighborhood of X C S*" with respect 
to the standard metric on S"'. 

Theorem 1.1. Suppose h: S"' ^ M is a continuous map from the n-sphere to m-manifold 
with m <n. In case m = n let the homology map : Hn{S^, F2) — )■ Hn{M, ¥2) be trivial. 
Then there exists a point z E M such that for any e > 

Here 5*""™ is the {n — m)- dimensional equatorial subsphere of S"-', i.e. 5*""™ = S*" fl 

j^n— m+l 

In this paper we extend the topological reasoning to the case of maps to manifolds; for 
the geometrical and analytical part of the proof the reader is referred to 



2. The corresponding generalization of the Borsuk-Ulam theorem 



Following [12], we are going to prove the corresponding analogue of the Borsuk-Ulam 
theorem first. In fact, we will prove a more general Borsuk-Ulam type theorem, following 
mostly [8J. 

Let us give some definitions. Consider a compact topological space X with a proba- 
bilistic Borel measure fi. Let C{X) denote the set of continuous functions on X. 

Definition 2.1. A finite-dimensional linear subspace L C C{X) is called measure sepa- 
rating, if for any f ^ g E L the measure of the set 

eU.g) = {xeX: f{x)=g{x)} 

is zero. 
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In particular, if X is a compact subset of M" (or S") such that X = cl(intX), /i is any 
absolutely continuous measure, then any finite-dimensional space of analytic functions is 
measure-separating, because the sets e{f,g) always have dimension < n and therefore 
measure zero. Then for any collection of q elements of a measure-separating subspace we 
define a partition of X. 

Definition 2.2. Suppose F = {ui, . . . ,Uq} C C{X) is a family of functions such that 
fi{e{ui,Uj)) = for all i ^ j. The sets (some of them may be empty) 

Vi = {x E X : Wj i Ui{x) > Uj{x)} 

have a zero measure overlap, so they define a partition P{F) of X. In case Ui are linear 
functions on R" we call P{F) a generalized Voronoi partition. 

Note that if we consider the standard sphere C ]R"+^, and homogeneous linear 
functions F C C(]R"^"'^) C C(S'"'), then P{F) is always a partition into convex subsets 
of 5"", or a partition consisting of one set equal to the whole S^. The same is true for 
(non-homogeneous) linear functions on the Euclidean space M". 

We have to generalize the notion of a center function from [12]. 

Definition 2.3. Let L C C{X) be a finite-dimensional linear subspace of functions. Sup- 
pose that for any subset F C L such that all sets {Vi, . . . , V^} = P{F) have nonempty 
interiors we can assign centers c( Vi ),..., c(V^) G X to the sets. If this assignment is 
continuous w.r.t. F and equivariant w.r.t. the permutations of functions in F and per- 
mutations of points in the sequence Ci, . . . , Cg, we call c(-) a q-admissihle center function 
for L. 

Now we are ready to state the generalization of [T^ Theorem 3]. 

Theorem 2.4. Suppose L is a measure-separating subspace of C{X) of dimension n + 
1, fii, . . . , fin-m {n > ^) di"^ absolutely continuous (w.r.t. the original measure on X) 
probabilistic measures on X . Let q = p°' be a prime power, c(-) be a q-admissihle center 
function for L, and 

h:X^M 

be a continuous map to an m- dimensional manifold. Suppose also that the cohomology 
map h* : W{M, ¥p) — )■ H^X, ¥p) is a trivial map for i > 0. 

Then there exists a q-element subset F G L such that for every i = 1, . . . ,n — k the 
partition P{F) partitions the measure fii into q equal parts, and we also have 

h{c{V^)) = hiciV2)) = ■■■ = h{c{Vg)) 

for{Vu...,Vg} = P{F). 

Remark 2.5. It is clear from the proof in Section H] that instead of fii we can take any 
"charge" (i.e. a measure that can be negative), the only essential requirement is that 
/ii(X) 7^ 0. This requirement quarantees that all the partition sets Vi,...,Vq have 
nonempty interiors. 

The other measures /X2, • • • , f^n-k may be replaced by arbitrary functions of the parts 
Vi, . . . ,Vq that depend continuously on the partition under the assumption that all the 
interiors of V^- (j = 1, . . . , g) are nonempty. 

When X = M"+^, S"' and L is a set of linear functions (this is the case needed in the 
proof of Theorem II. ip the partition sets are convex and there are a lot of suitable functions, 
for example the Steiner measures (compare [8j). The existence of many admissible center 
functions is also obvious in this case. 
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3. Topological facts 

In this section we remind some facts from equivariant topology and prove several 
Borsuk-Ulam-Bourgin-Yang type results that are needed in the proof of Theorem 12.41 

3.1. Representations and transfer. Let us start from the following typical problem: 
let G be a finite group, F be a G-space (i.e. a topological space with a continuous 
action of G) and V be a finite-dimensional linear G-representation. For any continuous 
G-equivariant map f:Y — )■ V we may guarantee that /~^(0) is non-empty if the G- 
equivariant Euler class of the vector bundle Y x V is nonzero. Indeed, the map / can 
be naturally considered as a G-equivariant section of this bundle. This Euler class is the 
natural image of the "universal" Euler class 

In this formula pt is a one-point space with trivial G-action, Zy is the group Z considered 
to have the G-action same as the determinant of its action on V , and O denotes the 
corresponding to Zy quotient sheaf over BG. 

When we consider the Euler class eiV) over Y we assume it to be contained in the 
cohomology H^"^"^ {Y^Zy). 

To avoid the twisted cohomology in our particular problem we are going to use the 
following consideration. Let F be a subgroup of G. Then in the above situation we have 
two Euler classes 

eciV) G i/^'"^^(F,Zy), epiV) G Hf^^'iY^Zy), 

where Zy is simultaneously a G- module and an F- module (see [T^). If F acts on V with 
positive determinant then the last class resides in iy^'™^(y, Z). 

There exists a natural map vr* : Hq{Y, Zy) — )■ Hp{Y, Zy) that takes e{V) in G-equivariant 
cohomology to e{V) in F-equivariant cohomology. There also exist the transfer homo- 
morphism [2] 

TT, : H*p{Y, Zy) ^ H*a(Y, Zy) 
such that the composition tti o tt* is a multiplication by |G/F|. If we tensor-multiply Zy 
by ¥p, and if p is not a divisor of |G/F| then vr* : H^{Y,Zv ® Fp) -> if*(F,Zy ® Fp) 
is a monomorphism. If F acts on V with positive determinant then the last group is 
Hp{Y,¥p) without any twist. 

3.2. The permutation group and its Sylow subgroup. Now we take G = Eg, the 
permutation (symmetric) group, where g = p'^ is a prime power and Sg^'' is its p-Sylow 
subgroup (for example if g = p is a prime, p-Sylow subgroup of Sp is a cyclic group of 
prime order p). The group acts on M'^ by permutations of coordinates. Since the 
diagonal A C M'' is a E^-invariant subspace, E^ acts on the quotient M'^/A, which is 
isomorphic to M^^^. We denote this representation 

Ctq = {{Xl, . . . , Xg) e : Xl -\ \- Xg = 0}. 

Definition 3.1. Denote the Euler class of ag reduced modulo p by 

eeH'^-\BEg,z^^^¥p). 

Note that the m-th power of 6 resides in the cohomology with coefficients Z^ Fp if 
m is odd and Fp is m is even. 

Definition 3.2. Denote by Op G H''-\BJ:'f\¥p) the image of 6 under the natural map 
TV* : H*{BT.g, Za, ®Fp) H* {BT}-^\¥ p) . Note that Op resides in non-twisted cohomology, 
because Z^^ (g> F2 = IF2 for p = 2 and preserves the orientation for odd p. 
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It is well-known [161 HHj that the powers of 6p are all non- trivial in H*{BJ:^^\¥p), it may 
be shown by passing to the elementary Abelian p-torus (Zp)^ C Tj'f^ (note that q = p'^). 

Since T^f^ is a Sylow subgroup of Eg then the index {'Eg/nf^l is not divisible by p and 
the power 6"^ is nonzero over a S^-space Y iff the power 6^ is nonzero over Y. 

3.3. Configuration spaces. Remind the definition of the configuration space: 

Definition 3.3. Denote by K''(R^) C (M'^)'^ the space of all ordered g-tuples of distinct 
elements in M'^, i.e. the configuration space of W^. This space has the natural S^-action 



•auijiuii. 

(P) 



and Eg -action. 



Denote the natural image of 9p in the equivariant cohomology of any Eg -space by the 
same letter 9p, it does not lead to a confusion in this paper. We give a variant of [71 
Lemma 6] (the essential idea is from |15]). 

Lemma 3.4. 

ep^-VOG/j;(,)(ir^(M'^),F,). 

Proof. This is shown for 9'^~^ in [7], and this result follows from the above reasoning with 
transfer. □ 

We also need the following lemma: 

Lemma 3.5. Suppose 6^ is nonzero over a H^^^ -space Y . For a Ti^q^ -equivariant map 

f:Y^aq 

denote 

Zf = f-\o). 

Then 6^~^ is nonzero over Zf. 

Proof. Since the map Y \ Zf ^ aq has no zeroes, the class 6p is zero over Y \ Zf. If we 
assume 9^~^\zf = we would obtain (it is important here to use the Cech cohomology) 
6^ = over the entire Y. □ 

3.4. Remarks on tiie notation. Lemma 13.51 guarantees that some Sg^^-orbit of Y is 
mapped to one point under any continuous map Y — t- M™, similar to the standard Borsuk- 
Ulam theorem. Now we are going to extend this result for maps to manifolds. We need 
to fix some notation first. 

The constant coefficients Fp, where Fp is the field with p elements, are suppressed in 
the notation of ordinary and equivariant cohomology groups. Any other coefficients are 
always indicated. 

Let X be a G-space, A C X be an invariant subspace and a G Hq{X). In what 
follows by a I A G Hq{A) we denote the image of a under the homomorphism induced 
by the inclusion la'- A d X, and by rj\x the image of ?7 G ifg(pt) in Hq{X) under the 
homomorphism of the equivariant cohomology induced by the map X — )■ pt. 

3.5. The Haefiiger class. Denote by T a p-torus group such that \T\ = q, so q = p". 
Consider an embedding of T in Eg via regular representation (the embedding is not 
unique, it depends on the ordering of elements of T). Assume that G is a p-subgroup 
of Eg containing T and Eg^"* is a p-Sylow subgroup of Eg containing G. Thus we have 
T C G Eq^\ In main results of this paper G = Eg^'*. 

We saw that the Euler class 

= 9j,^ :=eE,(a,) GiJ^-i(i?Eg;0) 
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is mapped to 6p G if'^(p)(pt). The inclusions T C G T^q induce the homomorphisms 

under which we have Op Oq ^ Ot- 

Following [5] we are going to define the equivariant diagonal class 7m,g ^ 
possessing the properties given in the following lemma (we denote by the g-th Carte- 
sian power of M): 

Lemma 3.6. Let M he an m- dimensional topological manifold. There exists a class 
1M,G e H^^''~^\M'i) such that: 

1) For any point y E M the image of'jM,G in Hq^'' ^\y'^) = Hq^'' ^\v^) coincides with 

am 

2) The image of '~)m,g in Hq'"'^~^\M'^ \ A) is trivial. 

3) For an open suhmanifold U C M the image of ■Jm,g under the homomorphism 

^ H'^^^~^\U^) coincide with -fu,G- 

4) lM,G is the image ofjM,p '■= Tjvfs''''' (^^^ Haefliger class corresponding to the Sylow 
subgroup S^^^j under the restriction homomorphism H^''I^^^~^\M'^) — )■ Hq^'^'^\M'^) . 

Proof. It is sufficient to consider a connected manifold without boundary (if the boundary 
is nonempty we construct the class for its double and then restrict it to M). 

Let us first give an explanation for a closed connected orientable smooth manifold M. 
In this case the equivariant Thom class of the normal bundle to the diagonal A C 
can be considered as an element of the group Hq^'^ ^^([/^(A), ^[/^(A)) where f/e(A) is a 
tubular e-neighborhood of A in M*^ where e is small enough. This group is isomorphic to 
Fp; and by the excision axiom is also isomorphic to i/^^" ^^(M", \ A). For an open 

ball [/ C M we can take a generator C,u,g ^ Hq^"^ ^\U'', V \ A{U)) which is mapped to 
6q under the homomorphism 

Fp = H'^^''-^\U\ U" \ A(f/)) ^ H'^^''-^\U'') = /7^(^~')(pt). 
The inclusion U G M induces an isomorphism 

Fp = h:^^''-'\m^,m''\a{m)) h:^^''-^\w,u^\a{u)) 

and we denote by ^m,g the generator that is mapped to C,u,g- Finally, denote by 7m,g the 
image of ^m,g in Hq^''~^\M'^) . The class 7m,g possesses all desired properties as can be 
easily verified. 

Now consider the orientable case. Then either p = 2 and M is an arbitrary manifold 
(orientable or not), or p > 2 and the manifold M is orientable. 

Let Ek be any orientable manifold with a free action of For example, we can take 
Ek = K'^{W^), the configuration space. It is (A; — 2)-connected and when A; — )■ oo the space 
Ek approaches ET!f \ the total space of the universal bundle — )■ BT!f\ 

Fixing the orientations on M and Ek, we obtain oriented manifolds AxEk and x Ek 
where A = A(M) is the diagonal in M'^ and we identify A with M. Since G is a p-group, 
the diagonal action preserves the orientations of these manifolds. Hence we have oriented 
manifolds 

A Xg Ek := (A X Ek)/G = A x (Ek/G) and x^ Ek := (M" x Ek)/G 
of dimensions m + r and mq + r respectively where r = dimii^fc. 
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It follows from the Poincare-Lefschetz duality for manifolds A x g -Efc and Xg Ek 
that 

Fp = Hm+r{^ Xg Ek) = i?m,+r(A Ek) = 

- ii-"^(9-i)((M^ M« \ A) Xg Ek) = ii"™(^-^)((M^ \ A) x^ Ek). 

Here we consider homology with closed supports (defined via infinite cycles). If the 
connectivity of the manifold Ek is large enough, then 

= H"'(^-^\M'1 XoEk). 

Similarly we have Hq^'^~'^\mi \ A) = H'^^i-'^\{Mi \ A) Xg Ek) and also an isomorphism 
for pairs 

H^^i-^)(^M\ M'^ \ A) = ii''"(«-^)((M«, M9 \ A) Xg Ek). 

For a ball U C M the class ,^(7g is already defined and we define ^m.g ^ H^^''~^\M'^ , M'^\ 
A) as a class which is mapped onto ^u,G- Finally we define ■Jm,g as the image of ^m,g in 
H^(i-^\mi). 

Let us consider now the general (nonorientable) case. 

Denote by Hz and H the orientation sheaves of M with fibers Z and Fp respectively. 

We have H = Hz ® Fp. It is easily seen that Hz ® Hz = Z, which is the constant sheaf. 
Hence H ®H = Fp, i.e. H = H^^. Now H^"^ is the orientation sheaf of the manifold 
M^. It is enough to consider the case q is odd (i.e. p is odd), where the orientation of Fp 
makes sense. We have 

n^i n'^i = n^{H0 H)®"-^ = H® fJ^ = H 

Denote by H' and H' the orientation sheaves of manifolds AxEk and x Ek respectively. 
As above we have H' = H'Iaxe^ and H' ^H' = ¥p. 

Let us denote the orientation sheaf for the manifold A Xq Ek again by H and the 
orientation sheaf for Xq Ek by H. Let us show that H\AxGEk — and H®H — ¥p 
(the constant sheaf on M'^ XQEk). Consider the action of the group G on the total spaces 
of sheaves H', H' and H' ® H'. The quotient spaces are the total spaces of sheaves H, 
H and H®H respectively. Now the first assertion follows easily. To show that the sheaf 
H ®H on M'^ X G Ek is the constant sheaf Fp we consider a nonzero global section s of 

the constant sheaf H' ®H' = Fp and an element g ET/q . The image of s under is a 
section as where a — a{g) G Fp. The order of the element is a power of p, say p^, so 
g^"^ is the identity of the group G. Hence a^"" — 1 and from Fermat's Little Theorem we 
obtain that a = 1. Therefore any section s is mapped to itself by all elements of G and 
thus defines a section of H ®H, which is nowhere zero (if s is nonzero); hence H ®H 
is constant (with fiber Fp). It follows from the Poincare-Lefschetz duality for manifolds 
A Xg Ek and M« Xq Ek that 

— Hm+riA Xg Ek] H) = Hjn+riA Xq Ek] H) — 

= H"'^^-^\{M\M''\A) XGEk;H^H) = 

= H'^^'i-^\{M\ M'l \A)xGEk) = Hq^'^-^\m\ \ A). 

Here r = dimi^^ and we consider homology with closed supports (defined via infinite 
cycles) and assume that the connectivity of the manifold Ek is large enough. 

Hence there exists a nonzero class 7m,g ^ Hq^'^^^\m^) with trivial image in 
A). Similarly for an open U G M we have a class 'yu,G G if™p^~^^(?7'^; Fp); and we can 
assume that in the equivariant cohomology the restriction of 7m,g onto C/^ coincides with 
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7c/,G- Note that U is orientable (i.e. the orientation sheaf is constant) if U is small enough. 
If f/ C M is a ball then 7^,^ G H'<'i-^\Ui) = H:^^'~^\pt) coincides up to a constant 

nonzero factor with 6q since the cohomology Hq^"^ ^\U'^, W \ A(f/)) is generated by the 
equivariant Thorn class of the normal bundle of A([/) in f/^. 

Let us prove claim 4 of the theorem. Since see [ini [16] , and 9^ is 

the image of 6q under the homomorphism h''[1) ^\pt) Hq'^ ^\pt), we have Oq ^ for 
any k. Therefore 7m,g 7^ 0, hence 

¥p = H'^1^~^\m\ M« \ A) ^ M" \ A) = Fp 

is an isomorphism and the assertion follows. □ 

Lemma 3.7. Let X he a compact space, or a CW -complex. Let h: X ^ M he a map 

such that h* : H\M) -> H\X) is trivial for any i > 0. Then 

1) h^*^M,G = e^ tnH^^'-'\X''). 

2) UnP = where P = {hi)-^A{M). 

Proof. We give the proof in the case when both X and M are compact. Technical details 
for the proof in general case can be found in [T7j where the case G = T was considered. 

We use the Nakaoka lemma [TB], (see also Lemma 1.1 in [TI] or Theorem 2.1 in [9J) to 
obtain 

(3.1) H*a{M'^) = H*{BG, H^Mf'') = H*{G; H*{MfJ). 

Let us decompose 

H*{BG] H^M)^") = H*{BG) © B 

where H*{BG) = H*{BG, H%M)^i), and B is generated by elements of H*{Mi) of 
positive degree. Let us decompose correspondingly 7m,g = 7o + 7i- By Lemma ESI we 
obtain 

70 = G H''^^'^~^\G) = H"'^'^-^\BG) = H^^'''\pt). 

The Cartesian power h'^ : X'^ — )■ induces a zero map in non-equivariant cohomology 
in positive degrees by the assumption. Then 71 is mapped to zero under the map 

because the isomorphism (13.11) is functorial and we also have for compact X 

H*c{X^) = H*{BG; H*{X'f ) = H*{G; H*{Xf''). 

Now it follows that h'^*'yi = and the first assertion of lemma follows. 

Since 7Af,G|A/9\A = 0, we obtain h'^*'yM,G\xi\p = where P = {h'')~^A. Hence, 
^g\xi\p = 0. □ 

Remark 3.8. Note that the same definition of Haefliger class works also in the case when 
M is a cohomological manifold (see [2]) over the field ¥p such that the tensor square 
of its orientation sheaf (over Fp) is constant. It follows that the results of [15] can be 
extended to the case of maps of T-spaces to nonorientable topological manifolds and to 
cohomological manifolds under the above condition. 
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3.6. Index of G-spaces defined by 9g- In this section we consider again ap-subgroup 
G C Sg^^ containing T. 

For a G-space X let us introduce its index as follows 

ind^e X = max{A; : 9'^\x 7^ 0} 

Recall that Oq\x G Hq '^^^\X'^) where the coefficient field Fp of the cohomology group is 
suppressed from the notation. 

This index possesses usual properties of indicies and we mention some of them needed 
below. 

Lemma 3.9. 1. Monotonicity under equivariant maps of G-spaces: If X Y is a 
G-map, then inde^ X < ind^^^ Y . 

2. Continuity: Let A <Z X he a closed invariant subspace of a G-space X , then there 
exists an invariant open neighborhood U D A such that indg^ A = indg^ U. 

3. Subadditivity : If X = AU B is a union of invariant subspaces then 

inde^ X < indg^ A + indg^ B + 1 

provided A and B are both open, or A is closed and B = X \ A. 

4- In the case q = 2, i.e. for S2 = Z2 = T = G2, the index indg^ coincides with Yang's 
homological index introduced by Yang in [18j . 

Proof. Property 1 follows directly from the definition of the index. 

Property 2 is a consequence of the continuity property of cohomology (e.g. the Cech 
cohomology) . 

Property 3. Put inde^ A = k and inde^ A = m. Then 9^-^^\A = and = 0. If 

A and B are open it follows from the properties of multiplication of cohomology classes 
that ^^+^^^+^UuB = ^G^'^+^IX = 0, i.e. inde^ X < k + m + 1. 

The second statement of property 3 follows from the first one and the continuity prop- 
erty 2 of the index. 

Property 4. Consider a space X with a free involution r : X — )■ X. Yang's index of X 
equals maximal k such that k-th power of the characteristic class of the free involution r 
is nontrivial. By definition the characteristic class of r is the first Stiefel- Whitney class 
of the linear bundle associated with the covering r : X — )■ X/ r and it is easy to see that 
this characteristic class of r coincides with 92\x ^ H^^^pt; Z2) = H^{X/r; ¥2). □ 

Theorem 3.10. Let ip:Y^E be an equivariant map of G-spaces and P d E be an 
G -invariant closed subspace. If indg^ Y = n > m = mdg^{E \ P) then ip^^{P) ^ and 
'm.dQ^i.p~^{P^ >n — m. 

Proof. From property 1 of the index we have indg^iY \ ip^^{P)) < mdg^{E \ P) = m. 
This inequality shows that ip~^{P) cannot be empty. 

Arguing by contradiction assume that inde^, (p~^P < n — m — 1. Then from property 3 
we obtain 

ind^c Y < indec '^'^P + ind0c(F \ '^'^{P)) + l<n-m-l + m + l = n, 
so indgg Y < n contradicting with the assumption. □ 

Definition 3.11. Suppose F is a G-space. For a G-map F — )■ (X')'' we put 

GM = ^-i(A) 

where 

A = A(X') = {{x\ ...,x')e {X'y : x' e Y'} 
is the diagonal in (X')''. 
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Definition 3.12. Let X be a metric space, F be a G-invariant subspace of X'^, and 
/ : X — )■ X' be a continuous map to a topological space X'. Put 

B{f) = {{x,,...,x,)EYcX'^ : f(x,) = --- = fix,)}. 

Obviously, B{f) = C{^) for = /«: X^ -> (X')^. 

Remark 3.13. We are mainly interested in the case Y C K'^{X), where K'^{X) is a 
configuration spaced based on a space X. However for G = T the case when Y C X'^ 
is an invariant subspace such that T-action on Y has no fixed points is also interesting. 
Note that for a T-space X there exists an equivariant embedding X — )■ X'' (see [1^). For 
example, for the space X with an action of the cyclic group Zp with generator r this is 
a map x — )■ (x, tx, . . . , t^^^x) G X^. In particular for the space X with involution r we 
have the equivariant embedding x — )■ (x, rx) G X^. 

Since (from the equivariant Thom isomorphism and annihilation of the Euler class) 

ind,^ ((M"^)^ \ A) = ind,^ ((a,)'" \ {0}) = m - 1, 

we obtain: 

Corollary 3.14. Let Y be a G-space and ip: Y ^ [M."^y be a G-map. //inde^ Y = n > m 
then C{ip) 7^ and indg G{ip) > n — m. 

In particular, ifYc X^ is an invariant subspace and f : X M"* then B{f) ^ and 
indg B{f) > n — m. 

Remark 3.15. The classical Bourgin-Yang theorem for Z2-spaces and maps to Euclidean 
spaces follows easily from the above result. 

Let y be a G-space and (p: Y ^ X'^ a G-map. Let h: X ^ M he a. map. Then 
ijj := h'^ o (f : y — )■ M'^ is an equivariant map and 

C{^) = ^-'o{h'^)-\AiM)). 

Theorem 3.16. Let Y be a G-space, ip:Y^ X'^ a G-map and h: X ^ M be a contin- 
uous map to an m-dimensional topological manifold of a space X which is compact or a 
CW. 

Assume that h* : H^{M) — )■ H^{X) is trivial in dimensions i > 0. If inde^ Y = n > m 
then indgg G(?/') > n — m. In particular, C{iIj) ^ 0. 

Proof. Now we can use theorem 13.101 however it is easier to repeat the argument. From 
lemma [3?71 and monotonicity property of the index we obtain m.dQ^{Y \ C{ip)) < m — 1. 
Thus G{ip) cannot be empty. 

From Property 3 of the index we obtain 

inde^ Y < indea + inde^{Y \ C{^)) + 1 < inde^ G(V^) + m. 

So, if ind^Q G{ip) < n — m then inde^ Y < n, contradicting with our assumptions. □ 

4. Proof of Theorem 12.41 
We apply the above results for the p-Sylow group G = Ti^J'\ 

Using the index notation we have indg^ K'^{M.'^) = d — 1, and Lemma [3.51 can be stated 
as follows: indg^ Zf > indg^ X — 1. 

For y G Ki{L) = K«(M"+i) we have a partition {Vi{y), Vg{y)) of X and a E^^^-map 
: ir''(M"+i) ^ m defined as ^,{y) = {fii{V,{y)), . . . , fii{Vg{y))) ^ 

Put Yi = C{(fi) and from corollary 13 . 1 41 we obtain indg^ Yi > n — 1. Note also that for 
any y E Yi the partition Vi{y), . . . , Vq{y) consists of sets with nonempty interiors, thus 
justifying the Remark 12.51 
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Define ¥^2: ^ (R"— i)*? as ^2(y) = ),..., where /i = (/i2, /in-m). 

Applying corollary 13. 141 again we see that indgp C{ip2) > and we put Y2 = C{ip2)- 

Finally we define equivariant map ips: Y2 ^ X'^ as f3{y) = (c(Vi(?/)), . . . , c(V"g(y))). 
Applying theorem 13.161 to maps (p^ and / : X — )■ M we finish the proof. 

Remark 4.1. Alternatively we can apply theorem 13. 161 to maps 

i{j -.Yi^ = {X X M"-'""!)? and /i : Xi ^ Mi = M x M"""^"! 

defined as ^p{y) = {r{Vi{y)), . . .,r{Vg{y)) where r{Vi{y)) = {c{V^{y)), h{Vi{y))) and /i = 

(/, idKn-m-l) 

5. Proof of Theorem 11.11 

First note that for n = m the theorem follows from the ordinary Borsuk-Ulam theorem 
for maps to manifolds (see [3] of [17] for example). In this case some two antipodal points 
X, —X G S"' are mapped to a single point in M, and the set {x, —x} is itself a standard 
0-sphere. 

In case n > m the proof follows literally the proof in The only thing we have to 
check is whether Theorem 4 of [12] can be generalized for maps to M, that is we have to 
prove the following: 

Lemma 5.1. Suppose h : S"' ^ M is a continuous map satisfying assumptions of 
Theorem Then for any q = 2^ the sphere can be partitioned into q convex parts 

V^,V^,..., so that 

1) the measures fiVi, ^¥2, ■ ■ ■ , fiV^ are equal; 

2) the mass centers ciV^), 0(^2''), . . . , c{y^) are mapped by h to the same point; 

3) for any e > there exists N such that for any q = 2^ > N and any 1 < j < q the 
set Vj' is e-close to some m- dimensional subsphere of S*" (i.e. intersection CiV with 
an {m + 1)- dimensional linear subspace V C M'"'^"'^^. 

Proof. Following [12j we reproduce the proof of Theorem 12.41 in a modified form. Consider 
some linear space L of homogeneous linear functions on M""*"^ D S^. The corresponding 

partitions will be partitions into convex sets. 

(2) 

Let us restrict the symmetry group to Eg and pass from the configuration space K'^{L) 
to a certain Eg -invariant subspace Q'^{L), this space was defined explicitly in [6] to study 
the cohomology of configuration spaces and used in [12j to prove the sphere waist theorem. 

Definition 5.2. Let Q'^{L) be defined inductively as follows. Take some small 6 > 0, and 
let Q'^{L) contain the configurations of q points with following conditions: 

1) for q = 1 the space Q'^{L) contains only one configuration, where one point is at the 
origin; 

2) for q > 2 the first q/2 points form a configuration from Q'^^'^(L) scaled by S and 
shifted by a vector v of length 1 ; 

3) for q > 2 the last q/2 points form another configuration from Q'^^'^(L) scaled by S 
and shifted by —v. 

Topologically this space is a product of g — 1 spheres S'^^'^^~^, corresponding to different 
translation vectors v on the stages of its construction. 

If 6 tends to zero, the subspace Q'^{L) corresponds to binary partitions of S"" by hyper- 
planes through the origin in M"'+^ orthogonal to L and arranged in a full binary tree of 
height / (note 2^ = q)- The main result of [6] shows that the natural map 
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is an injection, therefore Lemma [3.41 is also valid for Q'^{L), i.e. 

e(a^)d-^-i^0Gi/;(,)(g'^(L),F2). 

Note that unlike Theorem l2.4l we have to equipartition only one measure, so we may take 
as L any linear subspace of homogeneous linear functions of dimension m + 2. Moreover, 
since the space Q'^{L) has hierarchical structure, we may replace L by a different (m + 2)- 
dimensional Li on each level 1 < i < Z — 1 of the binary tree. Denote the corresponding 
configuration space by Q'^{Li, L2, . . . , Li^i). This space is Eg -equivariantly homotopy 
equivalent to Q'^{MJ^^'^), so the Euler class e{aq)"^~^^ is still nonzero in its Eg^'*-equivariant 
cohomology (with F2 coefficients). In [12] it was shown that by selecting Li to be uniformly 
distributed in some sense (for large enough /), we obtain Claim 3 of this Lemma. Claims 1 
and 2 are obtained as in the proof of Theorem 12. 4( partitioning one measure "takes" e{aq) 
and the coincidence in M "takes" the remaining e(ag)™. □ 
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